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ABSTRACT 

Different BPS M-brane configurations including single and two parallel Mp-branes {p= 
even) and M5-branes are introduced as the classical solutions of the recently proposed 
Static Matrix Model. Also the long range interactions of two relatively rotated Mp- 
branes (one and two angles) and Mp-brane-anti-Mp-brane are calculated. The results are 
in agreement with 11 dimensional supergravity results. 
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1 Introduction 



M-theory played a central role in string theory unifications in the last two years. 
This approach to string theory unification become more concrete p|, ^ ^ P] since the 
conjecture that M-theory is a M(atrix) model 0, a dimensional reduction of the 9+1 
dimensional A/" = 1, U{N) SYM to 0+1 dimension g]. 

In the recent paper [^j a Static Matrix Model was proposed for static configurations 
of M-theory. The main idea was based on the conjecture of 0] about equivalency of 
regularized supermembrane theory in the light-cone gauge and M-theory in infinite mo- 
mentum frame, which suggests generalization of this equivalency to other gauges f^, . 
The proposed model is defined in ten spatial dimensions and does not have any stringy 
parameter {qs, h, ■■■), but only the supermembrane tension Tm- Furthermore the model 
can not be considered as a dimensionally reduced SYM theory. 

In the long range interaction of M2-brane and anti-M2-brane was calculated and 
found to be in agreement with the 11 dimensional supergravity results (i.e. V{r) ~ ^). 
On the other hand, in |ll[] the result for the same problem appeared in compactified limit 
of the 11 dimensional supergravity (i.e. V{r) ~ ^), in the context of the light cone 
M(atrix) model. This may be considered as the advantage of Static Matrix Model which 
is defined in 10 spatial dimensions. 

Here we would like to put the Static Matrix Model to further tests, including interac- 
tion of rotated Mp-branes, Mp-branes and anti-Mp-branes. 

The article is organized as follows. Section 2 is devoted to a short review of Static 
Matrix Model. In section 3 we introduce some solutions of the equations of motion 
which preserve half of SUSY. In section 4 we calculate long range interaction of M- 
branes including relatively rotated M-branes, with one or two angles, and M-anti-M-brane 
configurations. 



2 Static Matrix Model 



Here we give a short review of the Static Matrix Model|§]. The starting point is the 
supermembrane action in 11 dimensions ||T3| , |12| 



S 



1^ 



(2.1) 



where H and g are 



dab 



daX^ + eV^daO, 

H„ ■ H,; 



(2.2) 
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and 9 is an eleven dimensional Majorana spinor (in this section a, 6 = 0, 1, 2). We use the 
following notations everywhere: 

/i,i/ = 0,l,...,9,10; /, J,ir = 1,2,...,9,10; j, = 1, 2, 9. 

By decomposition of the coordinates rja = (t, (Xr) , r = 1,2, and going to the static 
regime defined by 

X = T, 

= 6 = 0; (2.3) 

the components of g are found to be 

goo = -1, 

fr = gOr = OV^drO, 

grs grs frfsi 

Qrs = llrlllsi; (2.4) 



and it can easily be shown that 

g = -g, 



g = detgrs = ^e^'^^e"'"' grr'gss' 

= lie^'K^i?. (2.5) 
Putting all the above relations in ( p.l|) , we obtain 

S = ^J dTd^a(^-e-^ -eg- 2e''^^ro/9,^9,X^ - e"^^ro/9,0 OT^dseJ , (2.6) 

where e appears as an auxiliary field for linearising the action; its equation of motion 
gives 

e^g = 1, (2.7) 

which can be used for eliminating e. Due to p.7| ), configurations with g = are unac- 
ceptable. 

The action ( p.l|) has a local fermionic K-symmetry, which allows one to gauge away 
half of the fermionic degrees of freedom. 6' is a 32-component 11- dimensional Majorana 
spinor and in a real representation of F matrices is real. We fix the K-symmetry as for the 
light cone gauge, i.e. (r° + r^°)6' = = 0. After integration over r, the action (|2.6|) 
takes the following form 

S=-It I dVe-^(^{X\xn' + ({X\Xi°}-lA^{X\A})2 + A%,{X\A} + l), (2.8) 
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where T is the time interval and A is the remaining 16 component part of 6 and 

{a, b} = e {da^adaj) — da^ad^-JS) = e e^'^dr-adsb. (2.9) 



By the known substitutions [13 



{a, b} =^ —i [a, b], 
d^a Tr, (2.10) 



one finds 

S= - Irr^f Tr (i[X\X^]2 + ([X\X^V^A'^l^\A])^ + a'^7a^\A] 

+ evrT r]f Tr (1), (2.11) 

in which Tm is the supermembrane tension (in |^ the numerical factors were fixed by 
interaction considerations). 

The action ( |2.11|) has a gauge symmetry defined by: 



^gauge-X 


= ^[X\a], 


^ gauge A 


= i[X,a], 


x-10 

gauged 





(2.12) 

The action ( p.ll| ) is invariant under the two SUSY transformations defined by two 
real anti-commutating SO (9) spinors ei and £2 

(5(^)X^ = 0, 
5«A = ei, 

6^^\A'Ai) = (^ = ^ef A), (2.13) 



and 



2^ 

5(2)(AM,) = -2A^[A,A^e2] (^5(2)^10^...)^ (2.14) 



where 



The last line of these transformations can be used for defining the SUSY transformations 
of X^°. The variations of A^Ai are the same as those of the auxiliary fields in SUSY 
theories. 
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Note that the balance between bosonic and fermionic degrees of freedom. There are 
ten X^; one of them, e.g. can be gauged away by the gauge symmetry ( p. 12 ) and 



there remain 9 bosonic degrees of freedom. Because of gauge fixing one complex ghost 
must be introduced ; so there are 16+2=18(real) fermionic degrees of freedom which gives 



the correct balance [13 



3 BPS M-Brane Configurations 

In this section we search for different BPS M-brane configurations of the model which 
are described by solutions of the classical equations of motion. The classical equations of 
motion with the condition A = are 

E[XMX^X^]] = 0. (3.1) 

Every configuration with [X^jX"'] ~ 1 and with the other X's vanishing are solutions of 

Solutions which can be interpreted as Mp-brane have the form 

Xf = {B,,B2,...,Bp,0,...,0), A = 0, (3.2) 
where Bi, . . . ,Bp are n x n matrices with n large, with the commutation relations 

[Ba, Bb] = tCabl , (3.3) 

and a,b = 1, . . . ,p, and for 2/ = p = 2, 4, 6, 8 0. 

§ The point like (fully commuting) configurations which may be represented by 



are not acceptable because of vanishing ^ in (2.7). It is in agreement with the fact that the individual 11 
dimensional supergravitons which are candidates for " quark" substructure of our model (due to their role 
in infinite momentum frame M(atrix) model as "partons") can not be studied as static configurations in 
11 dimensions, because they are massless. 

This argument also will be supported by the equation of motion of n, the size of matrices. By inserting 
solutions introduced above in the action one finds, 

S = +n. 

The equation of motion for n has no solutions (gives 1 = 0). 

^ Interpretation of p = 4, 6 solutions as those found in is obscure, because of remaining SUSY in 
each case, these preserve half of SUSY but those | and i for p = 4, 6 respectively. Although the "stack" 
behaviour of these solutions suggests that the conditions introduced in Q on Killing spinors may be 
reduced to one condition which preserves half of SUSY. By all of the above p = 8 remains a problem . 
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By a proper rotation the anti-symmetric matrix Cab can be brought to the Jordan form 

f ui \ 

-ui 



Cab 



V 

These solutions can be represented by (2/ = p) 



ui 
-ui J 



(3.4) 



X2i-i = 1„^®1„, 



Ini ® ln2 



Inn 
Inn 



(3.5) 



= 0, i>2l=p, 
where nin2---ni = n and L^'s are compactification radii, with commutation relations 

[Qi^Pj] = i^ij In,- 

The eigenvalues of g, p are uniformly distributed as 



So the extension of solutions along Xi axis is Lj — > cxd. Thus one can obtain 



{X2i-li X- 



2i\ 



27in. 



and correspondingly 



1 



(3.6) 



(3.7) 



hj rii ni |17, 19 



By putting these solutions in ( ^.llj ) and assuming [J] 

-^2i-l-^2i 



27m,- 



one finds 



Sr^TTli^n^S ~ TTlt^LiL2...LpT^, 



Tp(T L1L2. . .L- 



V)i 



where the second line is the action of Mj9-brane after passing T of time. So one finds 



21+1 



II The only relevant scale in the theory is 11 dimensional Planck length, Ip, (Tm ^ Ip 
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for the tension of a Mp-brane. 

Also one can introduce parallel Mp-brane configurations. The configurations with two 
parallel Mp-branes can be obtained from the block-diagonal matrix with two identical 
blocks describing a pair of Mp-branes. Translating along the {p + l)-th axis by the 
distance r from each other we obtain the configuration of two parallel Mp-branes (2/ = p) 



K = h a = l,...,p. 




■yd 

Xf, = Xf = 0, z=p + 2,...,9. (3.9) 

It can be shown that all of the above solutions preserve half of the SUSY: they are 
BPS. By combining the two SUSY variations of A with the solutions as background(i.e. 

~ Cab) OYiQ cau See that the solutions are invariant under half of the SUSY's by 
requiring the condition 

i 

ei ~ -Cablab(^2 (3.10) 

on the SUSY parameters ei^2- The rank of the 16 x 16 matrix which appeared in RHS of 
( p.lOP is 8 and 4 in cases p = 4, 6 respectively. This supports the argument of the previous 



footnote about identification of these solutions and those of . 

The above argument is in agreement with the one-loop effective action considerations. 
The one-loop effective action is calculated with the above backgrounds in 

W = \Trlog[pl5ij - 2tFj?j - i Trlog{iP! + FjjT''){^^^)^ - Trlog{Pf), 

(3.11) 

with Pj * = [Xf, *], Fjj * = [fjj, *], fjj = t[Xf, Xf]. 
For the above solutions one has Fjj = 0, so 

W (^ ■ 10 - ^ ■ 16 - 1) Trlog{Pf) = 0. (3.12) 

This indicates that solutions won't take quantum corrections, as one expects for a BPS 
state. 

Before ending this section it is interesting to consider possible odd dimensional solu- 
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tions. For example in 5 dimensions, a solution can be represented by: 



\/2vrni 



qi ® 1 



X2 
X3 
X, 

X^ = Ini ® ln2 

Xi = Xio = 0, 



n2 



'-n2 



(27rn3)^ 
2 > 5 



'-nil 

'-"3 5 
^"■35 
?3, 



(3.13) 



where nin2n^ = n, and we have let the power x in X5 be unknown to be determined later. 
The desired commutation relations are 



ilr 



[q3,qi\ = [q3,Pi 



0, i 



1,2, 



and the following eigenvalue distributions 



2 



< qi,Pi < 



TTUi 



-C-fr < * < (^)^ 

So the extensions of the solution in 12345 directions are L12345. To understanding this 
solution further it is convenient to diagonalize gs. The solution can be interpreted by two 
infinite stacks of M2-branes as a 4 dimensional object, stacked along 5th direction. By 
ignoring the 5th direction one notes the similar stack behaviour of this solution and the 
longitudinal 5-branes of M(atrix) theory |1^ 0. By putting this solution in ( p.ll|) one 
finds: 



S ^TT, 



1/3 



M 



n 



S 



I \ 43:+] 

rrrpi-IAj J J T T X rp Sx 



(3.14) 



where the second line is the action of M5-brane extended in the 12345 directions and after 
passing T of time. Therfore, tension becomes 



5x-\-l 1 — X 



M 



** Solutions like (3.13) can not be interpreted as 5 dimensional objects in the context of the light cone 
M(atrix) theory. This can be understood by studying the related supercharge which was found in |]l7| , 



Zi 



234 



R11L1L2L3L4, 



which indicates extension along the longitudinal direction, Rn. So by considering the 5th direction one 
finds a 6 dimensional object. 
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To have finite and non-zero tension as L5 — oo one must put x = 1. Then the tension is 
found to be 



Ml 



as one expected for a M5-brane [I§ . 

The other simple solution, which is consistent with the equation of motion of n, is a 
3 dimensional solution represented by 



— ±ni 
X* = XiQ 



L2 



1. 



n2 1 

Pi ® Ina, 
27rn2 ^2 ' 

= 0, 



(3.15) 



i > 3, 



where nin2 = n and 



The operators qi and pi represent extensions in two directions and continuous spectrum 
of q2 represents an infinite continuous "stack" of two dimensional objects along the 3rd 
direction. 



4 M-Brane Long Range Interactions 

In this section we calculate the long range interaction between different M-brane config- 
urations Q. 

The one-loop effective action W was introduced in the previous section (and calculated 
in 1^) with the backgrounds A = Xf^ = 0, (writing in ten dimensional language) 

W= lTrlog(pl5u-2iFu)-\Trlog{{P^+l^FjjT''){^-^^ (4.1) 

with Pi * = [Xf, *], Fij * = [fjj, *], fu = i[Xf, Xf] and 

J- 32 — i n ' 32 ~ r, i ) 11 — ^J- 123456789,10- 



,7^6 y ' V -1 



16 , 



In the cases of our interest we have [Xf^fu] = c — number, and so P] and Fu 
are simultaneously diagonalizable. By setting Fjj to be in the Jordan form (because of 
Xfo = we put 05 = 0) 

Because of some similarities, at one loop order, between Static Matrix Model and the matrix theory 
approach to the type IIB superstring theory (called IKKT) there is a short cut for us to use the 
techniques developed in that framework |l^, ^ . Although for completion we try to give the required 
details. 
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/ -fli 
ai 



— a4 
04 

-a5(=0) 
a^{= 0) 

and noting that eigenvalues of F^'^'s are ±z one finds the following expression for W [f8 



v 



(4.2) 



W 



\ Y.Trlog{l-^ 

i=l 



2\2' 



Trlog[l n 



(4.3) 



Sl,...,S5=±l 
Sl...S5 = l 



where the sum over s^'s is restricted because of projecting on 16 dimensional subspace 
of r matrices by tracing only on that part of basis which give 1 by acting the operator 

^pl2-p34p56p78p9,10 



4.1 Rotated M-Branes Interaction (two angles) 

The configuration with two rotated Mp-branes can be obtained from the block-diagonal 
matrix with two identical blocks describing a pair of Mp-branes. Translating along the 
{p + 3)-th axis by the distance r from each other and rotating in opposite directions 
in (p, p + 1) plane and {p — l,p + 2) through the angles 0/2 and il)/2, we obtain the 
configuration of two rotated Mp-branes {21 = p=2,A,6) 



yd 




Bp^i cos I 



a = l,...,p-2, 




Bp_i cos ^ 

Bp cos f 

Bp cos I 

Bp sin I 





Bp^i sin I 



-Bp sin f 




—Bp_i sin 
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d 

p+3 



- 

2 " 



X 



10 



Xf = 0, z=p + 4,...,9. 



(4.4) 



So one finds 



fp—i,p 



ip (f) ip (j) 

-uji cos - COS - (g) 1, fp^i,p+i = -i^i COS — sin - (g) 0-3, 



(j) ip (f) ip 

fp,p+2 = COS - sin - (g) 0-3, /p+i,p+2 = sin - sin - O 1, 



otherwise fab = 0, 



(4.5) 



where as is the Pauh matrix. Then 

[Pp-i, Pp+i] 
[Pp, Pp+2] 

Pp+3 

otherwise Fab 



■ip , (j) 
iuji cos — sin — (g S3, 

"0 

-itu; COS - sin — (g S3, 

-«S 
0, 



3; 



(4.6) 



where 



S3* = [1 (g (T3, *]. 



S3 has 2, -2, 0, as eigenvalues. Zero eigenvalues won't have any contribution to the 
effective action because of ( p.l2| ). The other two force Pp+i and Pp, Pp+2 to behave as 
harmonic oscillators with their related frequencies to be read from ( [4.6p . So the eigenvalues 
of P] are 



2 V^/ 2 2\ "0 4'/! 1\ "0 </'/7/ 1\ 

^q,p,fc,fc' = r +2 2^(gi +pj +4a;,cos- sm -(A; + -) + 4^;^ sm - cos -(A; + -), 

i=l 



(4.7) 



where q-iiPi are eigenvalues of P^; a = 1, — 2 and A;, A;' are harmonic oscillator numbers. 
So one finds for (Of) 



W 



E 

fc',A:=0 



In 1 



16cu2cos2|sin2|\ . /_ 16cj2pos2f sin^f 



F2 



+ In 1 



F2 



10 




11 



which is in agreement with supergravity results both in angular and r dependences 

The above interaction vanishes in ip = (p cases, signalling enhancement of SUSY. An 
equivalent result is obtained in |2T] by considering interactions of rotated Dp-branes, and 
p2| by studying the SUSY algebra for rotated M-objects. 



m 



4.2 Rotated M-Branes Interaction (one angle) 

By putting = in two rotated angle configurations of the previous subsection one finds 
the following for one angle case: 



So one finds 



and then 



Ba 





a = l,...,p- 1, 



Bp cos I 



Bp cos I 



yd 



Bp sin I 



-Bp sin I 



"yd 



X 



10 



- 

2 " 







Xf = 0, i = p + 3,...,9. 



(4.14) 



p-i,p 



-toi cos 2 ® 



fp-i,p+i 
otherwise fab 



-ui sm - ® as, 



(4.15) 



[-Pp-i) Pp+i 



P, 



p+3 



otherwise F, 



ah 



iuji sin - ® S3, 
0. 



(4.16) 



Again we have an harmonic oscillator and the eigenvalues of Pf are 



i-i 



E^,p,k = r' + 2YX<i + + 2 cos^ | + 4u;, sin f (/^ + 3 ) • (4-17) 
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So one finds for ( [4.3| ) 



a=l -> fc=o 



In 1 



16a;fsin^f' 



1 

2 



E In 1- 



2siUi sin I' 



q,p,fc 



Sl,...,S5=±l 
Sl...S5 = l 



(4.18) 



The last term which originates from the integration over fermions can be rewritten as 



1 ^ (_2s^ 

Sl,...,S5 = ±l 



Sl...S5 = l 



The sum over k and the integrals over q and p then can be evaluated using the formula 

/ t/'gt/'-V ^ e-^^-p.^ = (-) ' — -^^ (4.20) 

fc=o \2s/ 2 cos I sinh ( 2ci;/s sin I j 

We finally obtain the following form 



W72t\ /-"o c/s /7r\ V^_^2^4sinh^(cj,ssin|) -sinh^(2cj;ssin|) 
~ /ii ^ T \2s) ^ cosf sinh(2o;iSsin|) 

For large separation between branes we find: 

W = -4(^)¥ (5/2 - /)! n ( ta„^ sin' ^ + ' ' 



a=l \ 



(4.21) 



(4.22) 



again in agreement with supergravity results both in angular and in r dependences |21 . 



4.3 M-Brane and Anti-M-Brane Interaction 

The M2-brane and anti-M2-brane long range interaction have been studied in the frame- 
work of M(atrix) theory in ||Tl], |23| which their results appeared in compactified limit of 
11 dimensional supergravity (i.e. V{r) ~ Here we want to consider the same prob- 
lem but for Mp-brane and anti-Mp-brane in the context of our model. The long range 
interaction for two anti-parallel Mp-branes was calculated in for M2-branes. 
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The classical solution describing anti-parallel Mp-branes at the distance r from each 
other are represented by block-diagonal matrices (this solution can be obtained by setting 
= TT in the previous subsection) 



X. 



d 



Ba 





1,- 



,p- 1 



X 



cl 



Ba 

-Ba 



vcl 



X, 



cl 



r/2 
-r/2 

0, i=p + 2 



, . . . , 



(4.23) 



So one finds 



/p-i,p 
otherwise fab 



-UJl (g) (T3, 



(4.24) 



and then 



[Pp_i,Pp] 

Bp+3 

otherwise Fab 



r 

2 
0. 



(4.25) 



Again we have harmonic oscillators and the eigenvalues of Pf are 



E^,^,k = r' + 2 ^(gf + p^) + 4^, (fc + 1) . 

i=i ^ 



(4.26) 



So one finds for (0| 



p-i / i 



n 



a=l \ 



/oo 

k=0 



In 1 



q,p,fcy 



E 



In 1 - 



2siCi;i 



E. 



Sl,...,S5=±l 
Sl...S5 = l 



(4.27) 
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The last term may be rewritten as 



Sl,...,S5=±l 
Si ...SK = 1 



(4.28) 



The sum over k and the integrals over q and p then can be calculated 

[ d'-\ d'-^p V e -^^-P'^ = ( - ) ^7 ^- (4-29) 

J t^r. \2sJ sinh 2cu,s ^ ' 



k=0 

We finally obtain the following form 



W=t((—\ r C"]'^' 2, 4smh\uis) - sinh^(2a;^g) 

^ La Jo s \2sJ sinh(2tUis) ' ^ ' ' 



a=l 

For large separation between branes we find: 



H' = -4(^)5(3-/)!n7g]c.f-ij + .-., (4.31) 



in agreement with supergravity results, especially for p = 2 case 14, 11 



5 Conclusion 

In this article we studied some aspects of M-branes of Static Matrix Model. First we 
introduced certain BPS configurations of the model, including single Mp-brane (p=even) 
and two parallel Mp-branes. It was shown that these configurations do not take quantum 
corrections at one-loop. 

Then the long range interactions of Mp-branes were studied. In Particular, we calcu- 
lated the long range interaction between two relatively rotated (in one and two angles) 
Mp- branes and Mp-anti-Mp-branes. The results were in agreement with the 11 dimen- 
sional supergravity. Moreover we found new BPS configurations in the two angle case 
which correspond to two Mp-branes rotated with equal angles with respect to each other. 



as the same of 21, E 
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